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Abstract—A new type of optical phase-locked loop (OPLL),
called the dither loop, is mathematically analyzed. The dither loop
extracts a phase-error signal by applying a small phase distur-
bance to the local oscillator laser, and synchronously demodulating
the resulting power fluctuation in the output signal of the receiver.
The dither loop is superior to other OPLL designs, because it
does not need the transmission of a residual carrier, it employs
a 180 /3-dB hybrid, an ac-coupled front end, and it accepts a
large variety of input signals. Furthermore, in a dither loop, the
amount of power which is fed to the phase-locking branch can be
adaptively controlled within the receiver. The analysis first focuses
on an expression for the phase detector gain in a dither loop.
Using a linearized model, the phase-error variance due to phase
dithering, white frequency noise induced phase noise and shot
noise is evaluated. A simplified expression for the power penalty
generated by the phase dither signal is presented. In a more com-
plex calculation, the overall power penalty due to phase dithering
and the residual phase error is found. This allows us to synthesize a
design rule for dither loops with optimum performance measures.
The design rule determines all relevant system parameters, based
on specified values of the system bit rate, the laser linewidth, the
photodiode responsivity and the required bit-error rate.

Index Terms—Homodyne detection, optical phase-locked loops
(OPLLs), satellite communication.

I. INTRODUCTION

I N THE optical domain, coherent detection has several
fundamental advantages over direct detection. Coherent

receivers, operating in shot-noise-limited conditions, can ap-
proach the theoretical sensitivity limit of 9 photons/bit (for a
bit-error rate (BER) of 10 ), while direct detection receivers
usually suffer from considerable power penalties referred to the
quantum limit of direct detection of 10 photons/bit [1]–[5]. For
space communication applications, coherent receivers are less
susceptible to background illumination from the sun, due to an
increased mode and wavelength selectivity [6]. As a further
advantage, coherent detection offers the use of angular modu-
lation schemes and subcarrier multiplexing techniques [7]–[9].
To harness these benefits, system designers have to deal with a
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significantly increased technological effort compared to direct
detection receivers.

It has been theoretically shown that, in coherent optical de-
tection, an inherent 3-dB power penalty exists for heterodyne
receivers compared to homodyne receivers [1], [10], [11]. For
this reason, homodyne reception is the technology of choice for
an optical transmission system with maximum sensitivity. Ho-
modyning requires an optical phase-locked loop (OPLL), for
which several designs are known. The most common are the
balanced loop [12]–[15] and the Costas or decision-driven loop
[16]–[20]. Other loop types use synchronization bits for phase
locking [21], or additional phase modulation of the transmitter
(TX) signal [22], [23]. This paper is concerned with the dither
loop phase-locking scheme [9], [24], [25], which operates with
the synchronous demodulation of a small phase disturbance ap-
plied to the the local oscillator (LO) laser.

The reason for this variety of OPLL designs lies in various
limitations of optical network elements. First, 90 couplers with
asymmetric coupling ratio (e.g., 90% in-phase, 10% quadra-
ture), as they are needed in Costas loops, are made of lossy
combinations of beam splitters and polarization controllers
[26]–[30]. Second, the transmission of a residual carrier, as
it is used in balanced loops, is a disadvantage especially in
combination with an optical booster amplifier [31]. In addition,
the residual-carrier transmission requires a dc-coupled front
end [32]. Other OPLL designs, which circumvent both the 90
coupler as well as the residual-carrier transmission, perform
extensive pre- and post-processing on the user signal [33]. From
a system engineer’s perspective, an ideal homodyne receiver
design should have the following characteristics:

• it employs a symmetrical 180 /3-dB coupler;
• it does not require the transmission of a residual carrier;
• the front end can be ac-coupled;
• analog and digital transmission at user-specified data rates

is supported;
• no extensive data pre- or postprocessing is required;
• the amount of signal power which is used for phase locking

is a system variable, preferably within the receiver.
Of all known OPLL types, the dither loop receiver is the only

design which fulfills all the above mentioned constraints. The
only limitation is a constant envelope of the transmitted user
signal.

In this work, we present a mathematical analysis of the dither
loop for the first time. Noise effects on the phase-error vari-
ance are treated in a similar way as in [12] and [16] for other
OPLL types. A major distinction lies in the fact that, in a dither
loop, the phase-locking mechanism (i.e., the dither signal) can
be considered as an internal noise source of the feedback system.
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Fig. 1. Schematic overview of the dither loop receiver. Thick lines indicate optical components or signals.

By calculating the influence of all relevant noise sources on the
phase-error variance and the BER, the dither loop can be opti-
mized for maximum performance.

The remainder of this paper is organized as follows. A general
description of the dither loop receiver is given in Section II. The
mathematical analysis of the phase error extraction, and the cal-
culation of the phase detector gain, is presented in Section III.
Section IV focuses on the effects of phase dithering, phase noise
and shot noise on the phase-locking performance. Likewise, in
Section V, the noise-induced degradation of the communication
performance is analyzed. The findings from the previous sec-
tions are used in Section VI to develop a dither loop design rule.
To demonstrate the design rule, examples are given for various
system specifications.

II. SYSTEM OVERVIEW

The proposed dither loop is shown in Fig. 1. The receiver
branch consists of the local oscillator laser and an optical
hybrid, followed by a balanced detector front end. The tran-
simpedance amplifier provides impedance matching, and a RF
amplifier boosts the received signal to the desired output level.
A dc-coupling from the photodiodes to the system output is
not required for loop operation. The balanced detector front
end reduces loss by using both branches of the coupler, and it
provides LO intensity noise suppression [34].

In the phase-locking branch, a small deterministic phase dis-
turbance, called the dither signal, is applied to the LO phase. The
dither signal propagates through the receiver and can be mea-
sured at the system output as a signal power fluctuation. After
bandpass filtering and synchronous demodulation, a measure for
the incident phase error can be extracted. A 90 phase shift must
be introduced in the reference input of the demodulation mul-
tiplier. This is because of the frequency-to-phase conversion of
the dither signal in the LO laser. As in any PLL, the loop filter
determines the dynamics of the feedback loop.

For the dither loop to operate properly, the dither frequency
has to be chosen much larger (e.g., by a factor of 10) than the
natural frequency of the loop. This way, the feedback loop can

not (and shall not) suppress the dither signal. The dither signal
is present in the receiver output and reduces the signal-to-noise
ratio (SNR). The amount of SNR reduction can be considered
as the power penalty that has to be paid for phase locking (see
Section V-A).

As a second requirement for successful loop operation, the
average power of the transmitted user signal has to be on a con-
stant level (i.e., a constant-envelope signal). For PSK modulated
binary data, this condition is inherently satisfied. For the trans-
mission of analog signals, the constant average power can be
achieved by using frequency modulated electrical subcarriers.
It is believed that the constant average power requirement is a
minor limitation of the dither loop compared to its advantages,
which comprise the use of a 180 /3-dB coupler, an ac-coupled
front end and a residual-carrier free transmission. Furthermore,
in a dither loop, the amount of power which is fed into the
phase-locking branch can be adaptively controlled according to
the receiving conditions.

III. PHASE-ERROR EXTRACTION

This section contains the mathematical analysis of the phase
error extraction in the dither loop receiver. The analysis starts
with the definition of the received and the LO optical fields

(1a)

(1b)

where and denote the power and and the phase
of the complex envelope. The optical coupler, being a symmet-
rical 180 /3-dB device, generates the sum and the difference of
its input fields

(2a)

(2b)
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Illuminating the surface of a photodiode with an optical field
will lead to a current of

(3)

flowing through the diode, where is the responsivity in A/W.
Plugging (1) and (2) into (3), and solving for the total current
flowing into the transimpedance amplifier, yields

(4)

Shot noise has been neglected here. It will be introduced in Sec-
tion IV-C. The transimpedance amplifier, the matching network
and the RF amplifier provide gain factors of (in ), 1/2,
and (scalar), respectively. Thus, the output signal of the
receiver amounts to

(5)

The expression

(6)

is the amplitude of the output signal in V. In a real world re-
ceiver, an automatic gain control (AGC) circuit for would
ensure that stays independent of the received power .

So far, the dither loop operates like a balanced loop, e.g., as
in [12]. The main difference lies in the definition of the phase
expressions and

(7a)

(7b)

The first expression in (7a), , anticipates the quadrature
phase lock behavior of the PLL, i.e., in the locked condition,
a 90 phase difference exists between the two lasers [12],
[35]. The data signal takes values in for “zero”
and “one” bits. It can be seen in the coefficient of
that the TX laser is fully modulated, i.e., no residual-carrier
transmission takes place. The phase noise process of the TX
laser is denoted by . In (7b), is the frequency
tuning sensitivity of the LO laser in rad/s/V, refers to the
loop filter output voltage, and and are the dither voltage
amplitude and angular frequency (the normal dither frequency
will be denoted by ). The resulting phase amplitude
of the dither signal is called

(8)

in rad, and denotes the phase noise process of the LO
laser. For further calculation, it is convenient to use the fol-
lowing notation:

(9a)

(9b)

(9c)

The total phase error consists of the residual phase error
and the phase dither signal. The LO phase due to the loop

filter output is written as , and denotes the combined
phase noise process of the two lasers. Using (7) and (9) in (5)
yields for the system output, after transformations

(10)

As it can be expected, a phase error of zero maximizes the am-
plitude of the output signal. The polarity of the output is de-
termined by the data signal . A direct measure for the in-
cident phase error is not present in (10), because the
expression decreases for positive as well as negative deviations
of from the desired value of zero.

The phase-locking branch of the receiver first measures the
power of the output signal

(11)

where denotes the sensitivity of the power detector in
V/W, and is the impedance of the output transmission line.
For the rest of this analysis, replaces for brevity.
Evaluating (10) and (9a) in (11) leads to

(12)

For the and expressions in (12), the
following series expansion can be used (e.g., from [36]):

(13a)

(13b)

where denotes the Bessel function of the first kind of
order . With (13), the power detector output (12) becomes

(14)
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The dc terms in (14) are removed by the bandpass filter which
follows the power detector. Furthermore, it can be reasoned
that, for small arguments exceeds by far for

. The relevant power detector output signal then
amounts to

(15)

For mathematical simplicity, the bandpass filter will not be in-
cluded in the calculation. To have a negligible effect on the noise
performance of the OPLL, its transfer function has to be flat (in
frequency and phase) across a frequency range of approximately

, where denotes the loop noise bandwidth (intro-
duced in Section IV).

Synchronous demodulation occurs in a multiplier with a
reference voltage . The reference voltage is necessary
to have reasonable output units, i.e., V instead of . Feeding
the multiplier with (15) and the phase shifted dither signal,

, results in

(16)

The expression contains a dc-term of 1/2 and a com-
ponent at twice the dither frequency, which will be suppressed
by the closed-loop transfer function. Thus, the multiplier output
becomes

(17)

where replaces for brevity. Further simplification
can be made using the approximations for small arguments

(18)

from [36], and

(19)

which follows from the Taylor series expansion of the sine func-
tion. In (18), denotes the Gamma function, related to the
factorial by if is an integer. Finally, with (18)
and (19) in (17), a measure for the residual phase error has
been extracted

(20)

The fraction on the right side of (20) can be considered as the
phase detector gain of the OPLL in V/rad. The various pa-
rameters of (20) are summarized in Table I, with feasible values
for a real world receiver.

TABLE I
FEASIBLE PARAMETER VALUES FOR A REAL WORLD DITHER LOOP RECEIVER

In a dither loop, the phase detector is a distributed device,
extending over the entire system. Phase sensing occurs in the
photodiodes, but since no optical carrier has been transmitted,
the receiver output does not contain a direct phase-error signal.
By phase dithering and synchronous demodulation, it is deter-
mined in which direction the phase error decreases, and
the LO phase is tracked accordingly. In other publications, this
phase locking strategy is called “phase synchronization by max-
imizing base-band signal power” [24]. Similar approaches have
been used in heterodyne DPSK systems for IF tracking [37],
or in direct detection systems for active delay line stabilization
[38].

IV. NOISE IN A DITHER LOOP

Noise affects a coherent receiver in two ways. Shot noise di-
rectly flows into the data-detection branch, generating bit er-
rors at low levels of the SNR. Phase noise, and other noise sig-
nals which flow into the phase-locking branch, lead to a residual
phase error. The phase error inevitably reduces the signal ampli-
tude, and therefore deteriorates the SNR. In this section, expres-
sions for the phase-error variance due to the major noise sources
will be calculated.

To ease the mathematics, the phase-error variance is analyzed
by means of a linearized model of the dither loop as depicted in
Fig. 2. For the linearized model to be accurate, the following
conditions have to be satisfied.

• The total phase error should remain small, e.g., the
total phase error standard deviation should not exceed
10 .

• The dither frequency is much larger than the natural
frequency of the loop , e.g., by a factor of 10.

• The bandpass filter has a negligible effect on the closed-
loop transfer function of the OPLL. This implies that the
bandpass filter transfer function is flat in frequency and
phase across a frequency range of approximately ,
where denotes the loop noise bandwidth.

It will be shown in Section VI how to calculate the total phase
error standard deviation , so that the first condition can be
verified mathematically. The second condition is a pure matter
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Fig. 2. Linearized dither loop model.

of choice, provided that the bandwidth of the LO frequency
tuning input reaches up to (if not, an external phase mod-
ulator has to be used). For the third condition, it can be rea-
soned that , since and depends on
by (24c) given later. Therefore, it is usually possible to design a
first-order bandpass filter that provides the desired dc and high
frequency filtering, without affecting the closed-loop transfer
function.

With the linearized model, the closed-loop transfer function
of the loop can be computed

(21)

Likewise, the error transfer function amounts to

(22)

In (21) and (22), denotes the overall loop
gain with units of , and is the Laplace transform. To
obtain analytical expressions for the phase-error variance, it is
necessary to define the loop filter transfer function . In
PLL theory, a common choice is a first order active filter with a
transfer function of

(23)

with the two time constants and [12], [16], [35], [39].
This filter provides proportional/integral control, which can be
seen in the infinite gain at zero frequency. With (23) in (21), the
following parameters are defined:

(24a)

(24b)

(24c)

In control theory, and are called the natural frequency,
the damping factor and the noise bandwidth of the loop. In the
following, the noise performance of the dither loop is analyzed
by means of the linearized model of Fig. 2 and the loop filter
transfer function (23).

A. Phase Dithering

The dither signal is not noise in a strict sense, due to its de-
terministic nature. Furthermore, it is intentionally applied to the
loop. Still, for mathematical coherence, it is convenient to treat
the dither signal like an internal noise source of the receiver.
Since, by requirement, the dither frequency is much larger
than the natural frequency , the system can be considered to
be in open loop condition concerning dither signal injection.

Generally written, the variance of the phase-error signal is
defined as

(25)

where denotes the expected value. With all noise sources
except phase dithering switched off, (9a) for the total phase error
amounts to

(26)

Evaluation of (26) in (25) yields

(27)

which is the phase-error variance due to LO phase dithering,
solely dependent on the phase dither amplitude .

B. Phase Noise

A dither loop processes phase noise in the same way as other
OPLL types [12], [16], [40]. The evaluation is therefore not re-
peated here. It is only recalled that the phase noise process
has a single-sided power spectral density (PSD) of

(28)

where denotes the 3 dB linewidth of the lasers. The PSD
of (28) is valid for white frequency noise induced phase noise.
The phase-error variance due to phase noise can be calculated
through

(29)
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According to (22), is the error transfer function of
the loop. Using the loop filter (23), and evaluating (28) in (29),
results in

(30)

where a critically damped loop has been assumed.
Equation (30) describes the phase-error variance in a dither loop
due to laser phase noise, as a function of the laser linewidth
and the loop noise bandwidth .

C. Shot Noise

When taking shot noise into account, the receiver output (10)
becomes

(31)

where denotes the combined shot noise process of the two
photodiodes with a one-sided PSD of

(32)

in A Hz. The shot noise signal flows through the power de-
tector, bandpass filter and demodulator into the loop filter. The
shot noise signal at the loop filter input will be denoted by
with an associated PSD of . The following calculation fo-
cuses on an expression for . It is kept in mind that the shot
noise PSD is limited by the front end cut-off frequency

.
When fed with (31), the power detector output (11) yields

(33)

The first expression in (33) is further processed to extract the
phase error, as developed in Section III. The second expression
will be called the signal noise beat note, and the third expres-
sion is the noise noise beat note.

1) Signal Noise Beat Note: To calculate the PSD of the
signal noise beat note, the following approximations are made:

(34a)

(34b)

(34c)

The first line holds true when the total phase error remains small.
This is assumed throughout this paper. To justify (34b), it has to
be kept in mind that is a random binary nonreturn to zero
(NRZ) signal which takes only values in . According to
[41], the PSD of computes to

(35)

where is the bit interval in seconds. The PSD has its
main power content in frequencies below the system bit rate

. The convolution of with yields ap-
proximately as long as . The third approxima-
tion, (34c), states that a frequency shift does not affect the power
spectral density of a white noise process, except for a multiplica-
tive factor of 1/2. This becomes apparent when bearing in mind
that the power spectrum of is a delta function with area
1/2. Applying (34) to the signal noise beat note, its PSD can
be written as

(36)

The term in (36) is introduced during synchronous de-
modulation, as shown in the evaluation of in Section III
[(16)–(17)]. The signal noise beat note with a PSD of (36)
flows into the OPLL and possibly affects its performance.

2) Noise Noise Beat Note: With the shot noise process
being a stationary normal process, it is known from [42] that the
PSD of can be calculated through

(37)

where denotes the autocorrelation function of , and
“ ” is the convolution operator. The term in (37) is equal
to the square of the total power of the shot noise process ,
i.e., . The convolution in (37) yields a ramp with a
maximum value of at and a minimum value of 0
at . Thus, the PSD of the squared shot noise process,

, can be written as

else
(38)

with units of A Hz. The bandpass filter removes the dc term
and high frequency parts of the ramp function. Furthermore, it
can be reasoned that , so that for
frequencies around . Thus, the PSD of the noise noise beat
note amounts to

(39)

where, as for the signal noise beat note, the term has
been introduced during synchronous demodulation.
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Fig. 3. Shot noise power ratio S =S , for several levels of the received
power P .

Dividing the two PSDs (36) and (39) (and using (32)) can
help to find the dominant shot noise expression

(40)

which is plotted in Fig. 3. It can be seen that, for a received
power of 50 dBm and a front end bandwidth of 10 GHz,
dominates by more than a factor of ten. Thus, it is safe
to assume that the relevant shot noise PSD is generated by the
signal noise beat note

(41)

At significantly lower levels of (or higher bandwidths
), though, and are comparable in size and both

expressions have to be taken into account. The assumption of
the signal noise beat note being the dominant shot noise
expression will be verified in Section VI-B.

The phase-error variance due to shot noise can be calculated
through

(42)

where, according to (21), is the closed-loop transfer func-
tion of the loop. Using (20), (32), and (41) for the phase de-
tector gain and the shot noise PSDs, and keeping in mind that,
by definition

and (42) becomes

(43)

Equation (43) describes the phase-error variance in a dither loop
due to photodiode shot noise. When comparing (43) with the
phase-error variance due to phase dithering (27) and phase noise
(30), it is interesting to note that the shot noise induced phase-
error variance depends on and in opposite directions.

D. Additional Noise Contributions

In Sections IV-A–C, the phase-error variances due to phase
dithering, white frequency noise induced phase noise and shot
noise have been calculated. These are not the only noise sources
in a dither loop. Namely frequency noise (frequency flicker
noise) generates considerable phase errors if it is not properly
suppressed. Frequency flicker noise can be reduced with an
additional pole at low frequencies in the loop filter transfer
function. This has been omitted here, because it increases the
computational effort without providing more insight into the
loop operation. For the local oscillator intensity noise, it has
been shown in [34] that a large amount of noise reduction can
be achieved by using a balanced detector front end. This is at the
condition of equal path lengths from the coupler output ports
to the photodiodes. Lastly, thermal noise has been neglected
because it is assumed that the receiver operates in shot noise
limited conditions.

V. POWER PENALTIES

In the preceding Section IV, expressions for the phase-error
variance due to various noise sources have been developed. It
has been stated before that a nonzero phase error will reduce the
SNR and therefore increase the BER. The power penalty shall
be defined as the ratio of the deteriorated SNR to the SNR of
an ideal (i.e., zero phase error) receiver. This section focuses on
expressions for the power penalty induced by phase dithering,
phase noise and shot noise.

For the analysis of the power penalty, it is assumed that, in the
transmitter, the stochastic user signal is applied to an ideal phase
modulator. The user signal consists of binary rectangular pulses
of duration . In the homodyne receiver, the detected base-band
signal is deteriorated by additive white Gaussian noise. The de-
tected signal is fed into a correlator, followed by a threshold
decision circuit. The correlator is built with a matched filter, the
noise bandwidth of which amounts to .

With this configuration, the maximally achievable SNR fol-
lows from (31) for zero phase error

(44)

Using (6) and (32), (44) reduces to

(45)

which is the formula for the SNR of optical homodyne detection
[1], [11]. With the above SNR value at the input of a threshold
decision circuit, it can be shown that the BER of the ideal re-
ceiver amounts to [1], [43]

(46)
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where denotes the complementary error function, and
is the Gaussian -function (both notations are common).

A. Phase Dither Power Penalty

For the following calculation, it is assumed that the feedback
loop is only affected by phase dithering. Phase noise is switched
off, and shot noise is present during data detection, but it does
not flow into the phase-locking branch. This highly artificial
setup leads to a closed and simplified expression for the power
penalty due to LO phase dithering. A more accurate, but also
more complex, expression will be presented in Section V-B.

With a nonzero phase error, the SNR at the input of the deci-
sion circuit amounts to

(47)

Since phase dithering is the only perturbation on the LO phase,
the total phase-error signal can be written as

(48)

so that the SNR becomes [using the double angle formula and
the series expansion (13)]

(49)

For the last line of (49), it has been used that
for small arguments and . Using the expansion

(50)

from [36], (49) can further be simplified to

(51)

Finally, the power penalty due to LO phase dithering amounts
to

(52)

which is plotted in Fig. 4. It can be seen that the power penalty
is very small for reasonable values of the phase dither ampli-
tude .

The power penalty due to phase locking is a unique property
of a PLL and can be used for comparison with other designs. In
a balanced loop, it amounts to

(53)

Fig. 4. Approximated power penalty due to LO phase dithering.

where denotes the modulation depth of the optical carrier
[12]. The power penalty in a Costas loop is determined by the
power splitting ratio of the 90 coupler [16]

(54)

The similarity of (52), (53), and (54) supports the evaluations
made thus far.

B. Overall Power Penalty

In case of a nonzero phase error, the incident BER amounts
to

(55)

It is known from [44] that this expression can be evaluated
through

(56a)

with

(56b)

(56c)

In (56b), denotes the modified Bessel function of the first
kind of order . It has to be recalled that, according to (9a), the
total phase error consists of the residual phase error
and the phase dither signal

The residual phase error is a linear combination of the
phase noise and shot noise processes. These processes are pre-
sumed to be statistically independent and Gaussian distributed
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with zero mean. Then, the sum process has a Gaussian
distribution function, zero mean, and a variance of

(57)

where and are determined by (30) and (43), respec-
tively. A further property of , which will be used in the fol-
lowing calculation, is the characteristic function [42]

(58)

Plugging (9a) into (56c) yields

(59)

and transformations on the expected value result in

(60)

In (60), all expressions have an expected value of
zero for . Thus, (59) reduces to

(61)

where the second line follows from (58) while using Euler’s
identity. The formulas (56a), (56b), and (61) determine the BER

in a dither loop. The associated SNR amounts
to

(62)

where denotes the inverse function of the comple-
mentary error function. The overall power penalty due to phase
noise, shot noise and phase dithering is found to be

(63)

An example of (63) is plotted in Fig. 5 for dB. Ac-
cording to (46), this SNR level is equal to a BER of 10 of the
ideal (i.e., zero phase error) homodyne receiver.

With the theory derived in this section, the simplified power
penalty expression (52) can be verified. This is done by evalu-
ating (63) for a residual phase error standard deviation of zero,
so that the loop is only affected by phase dithering

(64)

A comparison of Figs. 4 and 5 for a power penalty value of
0.05 dB reveals a deviation of less than 2% of the two calculation
methods. This is well within a reasonable accuracy range.

Fig. 5. Overall power penalty in a dither loop as a function of the residual phase
error standard deviation � and the phase dither amplitude � .

VI. DITHER LOOP SYNTHESIS

In the preceding sections, the relevant noise expressions,
their effect on the phase-error variance and the associated
power penalties have been derived. This knowledge can be used
to develop a design rule for an optimized loop, with minimum
phase-error variance and hence, a minimum power penalty due
to incomplete carrier phase recovery. The two main design
parameters are the phase dither amplitude and the loop noise
bandwidth .

A. Phase Error Minimization

According to the central-limit theorem [42], the total phase-
error variance is the sum of the variances of the individual noise
sources [(27), (30), and (43)]

(65)

This holds true only if the noise processes are statistically in-
dependent, which can be safely assumed in a dither loop. Cal-
culating the partial derivatives and , and
solving for the roots, yields

(66a)

(66b)

These values define the global minimum of the total phase-error
variance . Evaluating the optimal values (66) in the variances
(27), (30), and (43), yields

(67)
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Fig. 6. Overall power penalty �(� ; � ) in an optimally designed dither loop.
The SNR values � of 13.5, 15.6, and 16.9 dB lead to BERs of 10 ; 10 , and
10 , respectively.

so that each of the three expressions in (65) contribute the same
amount of phase-error variance. The total phase-error variance
becomes

(68)

and the variance due to the residual phase error can be
written as

(69)

It has been shown in Section V-B how to compute the power
penalty in a dither loop for an arbitrary combination of and

. With (69), and are in a fixed relation, so that the power
penalty can be calculated as a function of the phase error stan-
dard deviation alone

(70)

This can be done by changing (61) to

(71)

or by reading the power penalty value from Fig. 5 for .
An example of (70) is depicted in Fig. 6.

B. Dither Loop Design Rule

The coherent receiver has two distinct requirements on the
received power . It follows from (68) that the phase-locking
branch demands an optical power (at the receiver input) of

(72)

Fig. 7. Phase error standard deviation � as a function of the BRLR in an
optimally designed dither loop.

for specified values of the laser linewidth and the acceptable
phase error standard deviation . The power requirement of
the data-detection branch can be calculated through

(73a)

(73b)

for given values of , BER and the acceptable power penalty
. The receiver reaches its optimum operating condition when

both power requirements (72) and (73b) are equal. This leads to
the computation of the optimum phase error standard deviation

for given values of and BER

(74)

where

(75)

is the dimensionless bit-rate-to-linewidth ratio (BRLR).1 It is
important to note that (74) cannot be solved explicitly, because
the computation of through (70), (63), (56a), (56b), and (71)
does not have an inverse function. An iterative algorithm to
solve (74) is presented in the Appendix. An example of (74)
is shown in Fig. 7.

The theory derived until here describes a complete design
rule for a dither loop, based on specified values of
and BER. The phase error standard deviation and the power
penalty follow from (74), through the algorithm described in
the Appendix. The required power can be calculated with
(72) or (73b) (both equations yield the same value). Equations

1The BRLR should not be confused with the spectral efficiency of coding
theory. It is merely an indication for the receiving conditions, under which the
system is operating. High values of the BRLR lead to small phase errors, and
consequently, to low power penalties.
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TABLE II
OPTIMUM DITHER LOOP DESIGNS FOR TWO LASER TYPES AND THREE DIFFERENT VALUES OF THE SYSTEM BIT RATE

(66a) and (66b) determine the optimum loop noise bandwidth
and phase dither amplitude . Choosing a damping factor

and solving (24c) yields the natural frequency of the loop .
The dither frequency has to be chosen much larger than ,
e.g., .

As an example, several dither loop designs with optimum per-
formance measures are presented in Table II. For all six designs,
the overall power penalty due to the phase error remains
very low. This is because with the specified values of and

, the power demand is determined by the data-detection unit,
and not by the phase-locking branch. Moreover, it is interesting
to note that the system with the smaller laser linewidth requires
higher optical input powers, because of an inferior photodiode
responsivity. The advantage of the narrow-linewidth system lies
in much smaller values of the optimum noise bandwidth, which
eases the design of the feedback loop.

During the analysis, various assumptions have been made to
simplify the mathematics. For the linearized loop model, it has
been stated that the phase error standard deviation should not ex-
ceed 10 . It can bee seen in Table II that this is achieved for all
loops. The system with the smallest bit-rate-to-linewidth ratio is
at the limit of the allowed phase error standard deviation. A fur-
ther assumption has been made during the calculation of the rel-
evant shot noise contribution. It has been found in Section IV-C
that the signal noise beat note exceeds the noise noise beat
note by at least a factor of ten for most receiver setups. Reading
the values of and from Table II and comparing them with
Fig. 3 (where ), reveals that the signal noise beat
note is indeed the dominant shot noise expression.

VII. CONCLUSION

To achieve the highest possible sensitivity in an optical trans-
mission system without coding, it is inevitable to use homodyne
detection. Homodyning requires an OPLL, for which the dither
loop represents a possible design. Compared to other designs,
the dither loop is advantageous due to the residual-carrier free
transmission and a lower technological complexity in the op-
tical signal path (180 /3-dB hybrid instead of an asymmetric
90 coupler). The dither loop imposes only one restriction on
the user signal, which is a constant envelope. Furthermore, the

amount of power which is fed to the phase-locking branch can be
adaptively controlled within the receiver by changing the phase
dither amplitude .

In this paper, the dither loop has been investigated theoret-
ically for the first time. An expression for the phase detector
gain has been extracted. The effect of phase dithering,
white frequency noise induced phase noise and shot noise on
the phase-error variance is analyzed. For comparison with other
OPLL types, a simplified expression for the power penalty due
to phase dithering has been calculated. In a more complex eval-
uation, the overall power penalty due to phase dithering and the
residual phase error is found. The knowledge of the phase-error
variances due to the individual noise sources is used to com-
pute values of and that minimize the total phase-error
variance. Finally, this led to the development of a design rule
for dither loops with optimum performance measures, i.e., min-
imized power requirements and minimum power penalties due
to phase locking.

APPENDIX

ITERATIVE COMPUTATION OF AND

Equation (74) for cannot be solved analytically, because
the power penalty depends on through (70), (63), (56a),
(56b), and (71). This dependency can not be inverted. The fol-
lowing iterative algorithm is proposed to compute for given
values of and BER.

1) Choose an which is expected to be smaller than the true
power penalty , i.e.,

As it can be seen from Table II, the power penalties are
usually very small. A good choice for could therefore
be a power penalty of 0.89 ( 0.5 dB).

2) Solve (74)

Here, and denote and of the th iteration,
respectively.
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3) Calculate the SNR of the ideal receiver [i.e., from (73a)]

4) Compute the power penalty through (70), (63), (56a),
(56b), and (71) for the given combination of and

With a good choice in step 1), is larger than .
5) Calculate a new between and

6) Repeat with step 2). A termination condition can be defined
as

or any other level of the desired accuracy.
When the algorithm terminates, , and contain values
of and that solve (74) with a sufficiently good accuracy,
under consideration of the dependency of from through
(70), (63), (56a), (56b), and (71).
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